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Abstract Let A be a Poisson algebra and Q{A) its quasi-Poisson enveloping algebra. In 
this paper, the Yoneda-Ext algebra Extg^^-j(A, A), which we call the quasi-Poisson cohomol- 
ogy algebra of A, is investigated. We construct a projective resolution of A as Q(A)-modules, 
which enables to compute the quasi-Poisson cohomologies in a standard way. To simplify 
calculation, we also introduce the quasi-Poisson complex and apply to obtain quasi-Poisson 
cohomologies in some special cases. 

Keywords: Poisson algebra, Quasi-Poisson enveloping algebras, Quasi-Poisson module 
Quasi-Poisson cohomology 

MSC2010 17B63, 20G10. 

Poisson algebra appears naturally in Hamiltonian mechanics and plays an important role 
in the study of Poisson geometry. Manifolds with a Poisson algebra structure are known 
as Poisson manifolds. To meet the development of the deformation quantization of Poisson 
manifolds, it is helpful to introduce certain deformation theory for Poisson algebras. For 
this, one needs a more general concept, say the associative product is not restricted to be 
commutative. Non-commutative Poisson algebra was firstly introduced by P.Xu [13], and 
has been investigated by many authors from different perspectives since its emergence. Note 
that there are different versions of non-commutative Poisson algebras other than the one 
introduced by Xu, see for instance, [21 Definition 1.1] and [121 Definition 2.6.1]. 

In this paper, we follow the definition as introduced in [5]. A Poisson algebra over a 
field K means a triple (A, •, {— , — }), where (A, •) is an associative K-algebra and (A, {— , — }) 
is a Lie algebra over K, such that the Leibniz rule {a, be} = {a, b}c + b{a, c} holds for 
all a,b,c € A. This version of Poisson algebras has been widely investigated by many 
mathematicians recently, for examples, [lO l H HfT^ llSj. Notice that as an associative algebra. 
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A is not required to be commutative. 

The ( quasi- )Poisson modules over a Poisson algebra were introduced in a natural way in 
[S], see also [TD]. In [T3], the (quasi-)Poisson enveloping algebras for a Poisson algebra was 
introduced, and it was shown that the category of (quasi-)Poisson modules is equivalent 
to the category of modules over the (quasi-)Poisson enveloping algebra, see section 2 for 
detail. Consequently, the category of (quasi-) Poisson modules has enough projective and 
injective objects, which enables the construction of the cohomology theory for a Poisson 
algebra by using projective or injective resolutions. The present paper aims to develop the 
quasi-Poisson cohomology theory for a Poisson algebra A. The starting point is that A itself 
is a quasi-Poisson module, and so that one can study its extension group in the category of 
quasi-Poisson modules. 

Throughout IK will be a field of characteristic zero. All algebras considered are over 
IC and we write ® = for brevity. The paper is organized as follows. Section 1 recalls 
basic definitions and notions of Poisson algebras and modules. In section 2, we introduce 
the quasi-Poisson cohomology groups for a Poisson algebra A. We construct a projective 
resolution of A as a module over its quasi-Poisson enveloping algebra, which can be used to 
compute the quasi-Poisson cohomologies. Moreover, to simplify the calculation we introduce 
the quasi-Poisson complexes. As an application, we apply it to obtain some special quasi- 
Poisson cohomology groups in Section 3. 

1 Preliminaries 

In this paper, we assume that all associative algebras will have a multiplicative identity 
element. 

Let {A, •, {— , — }) be a Poisson algebra (not necessarily commutative). A quasi-Poisson 
A-module M is a an 74-A-bimodule M together with a K-bilinear map {— , — : Ax M ^ 
M, which satisfies 

(1.1) {a,bm}^, = {a,b}m + b{a,m}^,, 

(1.2) {a, 7nb}^, = m{a, b} + {a, m}^:b, 

(1.3) {{a, 6}, m}* = {a, {b, m}*}* - {6, {a, m}*}^, 

for all a,b G A and m € M. Clearly, the condition (1.3) just says that M is a Lie module 
over A. If moreover, 

(1.4) {ab,m}^, = a{b,m}^, + {a,m}^,b 
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holds for all a,b £ A and m G M, then M is called a Poisson ^-module. Let M, N 
be quasi- Poisson modules {resp. Poisson modules). A homomorphism of quasi- Poisson A- 
module {resp. Poisson modules) is a K-linear function f : M N which is a homomorphism 
of both A-A-bimodules and Lie modules. 

Let us recall the definition of (quasi-) Poisson enveloping algebra of a Poisson alge- 
bra, see [13] for more detail. Before that, we need some convention. 

Denote by A°^ the opposite algebra of the associative algebra A. Usually we use a 
to denote an element in A and a' its counterpart in A°^ to show the difference. Let U{A) 
be the universal enveloping algebra of the Lie algebra A. Fix a IK-basis {vi\i E S} 
of A, where S is an index set with a total ordering "<". Let a = (z(l),-- - ,i(r)) G 5^ 
be a sequence of length r in S. Usually we call r the degree of a. Denote the element 
^i(i) ® ■ ■ ■ <8) fj(r) by 1^. If i(l) < • • • < *('')i then we call ck" a homogeneous element of 
degree r. The empty sequence, or the sequence of degree 0, is denoted by and we write 
1 = iu{A) = ^ foi' brevity. Then all homogeneous elements of positive degrees together 
with 1 form a PBW-basis of U{A). For given a = (i(l), • • • ,i{r)) and f3 = ■ ■ ■ , j(s)), 

we define a V /3 := (i(l), • • • , i(r), j(l), • • • ,j{s)), hence "d""^ = a V /^. 

Set r = {1, • • • , r}. By an ordered bipartition r = X U y of r, it is meant that X and 
Y are disjoint subsets of r and i = X UY , here "ordered" means that X U y and YUX give 
different bipartitions, which differs from the usual ones. Moreover, X and Y are allowed 
to be empty set. Let a = (i(l), • • • , i{r)) and r = X U y. Suppose X = {Xi, • • • , X|x|} 
and y = {Yi,--- ,Y\y\} with Xi < X2 < ■ ■ ■ < X\x\ and Yi < Y2 < ■ ■ ■ < Y\y\. Set 
o^x = (^(-^i),-'' jii^ixi)) a-iid OiY = (iiYi),-'' 5^(^y|))- By definition a = ax U ay is 
called an ordered bipartition of a with respect to the ordered bipartition r = X UY. 
Similarly, one defines ordered n-partitions a = qi U 02 • • • U a„, for any n > 2. 

It is well known that the category of Lie modules over A is equivalent to the category of 
left Z^(74)-modules. Notice that U{A) is a cocommutative Hopf algebra with the coproduct 
A( of) = ^ oi ® where the sum is taken over all possible ordered partitions of 

{1, • • • ,deg(d")}, and the counit given by e{l) = 1, e{'c^) = for any ol" of degree > 1. 
The Lie bracket makes A a Lie module and hence a U {A)-module with the action given 
by '^{a) = {Ui(i),{t;i(2),{,--- , {vi{r) , a} ■ ■ ■ }}} for a = (i(l),--- ,i{r)) G S"" and a e A. 
Moreover, by the cocommutativity oiU{A), the enveloping algebra A*^ = A^A"'^ oi A in the 
associative sense is a Z//(j4)-module algebra with the action 'c^(a(8>6') = YI ai(a)(8>a2(6') 

for all a € S'^' with r > and a0b' (z A^. Thus we have the following definition. 

Definition 1.1. (|14j) Let A = (A, ■,{—,—} be a Poisson algebra. The smash product 
A'^^U{A) is called the quasi-Poisson enveloping algebra of A and denoted by Q{A). 
The Poisson enveloping algebra of A, denoted byV{A), is the quotient algebra Q{A)/J, 
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where J is the ideal of Q{A) generated {l^® l^#(a-^) — lA'^'ft'^a | a,b € A}. 

Remark 1.2. By definition, Q{A) = A A°p U (A) as a K-vector space. Thus Q{A) has 
a PBW-basis given by 

{vi ® v'j#-^ \iJeS,a = (i(l), • • • , i{r)) G 5", i(l) < • • • < i{r),r > 0}. 

The multiphcation is given by 

for ii,ji,i2,j2 € 5, of € 5"", € -S"*, r, s > 0, and the identity in Q{A) is 1a (S> 1a#1- 

Theorem 1.3. ([14]) The category of quasi-Poisson modules (resp. Poisson modules) is 
equivalent to the category of Q{A) -modules (resp. V {A) -modules). 

Consequently, there are enough projectives and injectives in the category of quasi- 
Poisson modules, which make it possible to construct the cohomology theory for a Poisson 
algebra by using projective or injective resolutions in a standard way. 

2 The quasi-Poisson Cohomology 

It is easy to check that under the action {—,—}* = {—,—}, the regular ^-^-bimodule A 
gives a quasi-Poisson module and hence a left module over Q{A). Then we may consider 
the Yoneda-Ext groups Ext*Q^^^{A, M) for any quasi-Poisson module M. Note that any 
quasi-Poisson module is identified with a left Q(j4)-module natually. 

Definition 2.1. Let A be a Poisson algebra and Q{A) the quasi-Poisson enveloping algebra 
of A. For any quasi-Poisson module M, the extension group Extg^^^(A, M) is called the 
n-th quasi-Poisson cohomology group of A with coefficient in the quasi-Poisson module 
M, and denoted by HQ''(yl,M). 

Remark 2.2. The extension group HQ"'(A, ^4) is simply denoted by HQ"(^). One may 
consider the Yoneda-Ext algebra HQ* (A) = ^ HQ'^(A) with the multiplication given by the 

n>0 

Yoneda product. Clearly, HQ* (A) is a positively graded algebra and each HQ*(A, M) is a 
graded right HQ* {A) -module. 

2.1 The projective resolution of q(a)A 

In the sequel, we will construct a projective resolution of yl as a Q(A)-module, so that we 
can compute the cohomology groups Extg^^^ {A, M) in a standard way. 
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To simplify notation, for each i,j > 0, we denote by 

A'- = A0A0---(S)A, A^ = AaAA---aA 
^ ' ^ . ' 

i folds j folds 

the i-th tensor product and j-th exterior power of the K-space A respectively. 
Our construction is based on the following two well-known resolutions. One is 

§: >A'+'^%A'+^^ >A(^A®A^A®A^A^Q, 

the standard resolution of A as an 74'^-module(74-y4-bimodule), where 

i 

6i{ao (81 ai (8) • • • (81 flj+i) = ^(-l)'^ao <8 • • • (8 a^ak+i (8 • • • (8 flj+i. 

fc=o 

The other one is the Koszul resolution of K as a trivial ZY(^)-module, say 

C : > U{A) (g) % U{A) ® A^^^ > U{A) ® A^ % U{A) 4 K ^ 0, 

where e is the counit map, i.e., e(l) = 1, and = for all r > and a E S"^ . The 

differential is given by 

i 

(g) -ui A • • • A Vj) = ^(-l)'+^(d' (^vi)®{viA---vr- - A Vj) 
1=1 

+ ^ {-If ^'''^ {{Vp,Vq} AVl A ■■ -Vp- ■ -Vq A ■■■ AVj), 

i<p<q<j 

where the symbol vi indicates that vi is to be omitted. 

Denote by S' and C the deleted complexes of S and C respectively. Consider the double 
complex §' (g) C, 

■•■ > A'+'' (i)U{A)® > ■■■ > (g) a' > A'+'^(i)U{A) > 

••• > A'+'^ ®U{A)® ^' > ■■■ s- A*+i®W(A)®a' > A'+^®U{A) > 

... y ... y... >. ... y ... 



-> yl^®W(A)®A^' > ■■■ > A-^®U{A)®A^ > A-^ ®U{A) >Q 
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A^®U{A)®h^ > ■■■ > A^®U{A)®A^ > A^ ®U{A) ^0 





and obtain its total complex Q' = Tot(S' (8) C), 

Q' : • • • ^ Qn ^ Qn~l ^ • • • ^ Ql ^ Qo ^ 0. (2.1) 
To be precise, Qq = ® U{Al), and for n>l, 

y^n = (5i <8) id + (-l)nd dj). 

i+j =11 

The following lemmas will be handy for later use. Some of them seem to be well known 
to experts. For the convenience of the reader, we also include a proof. 

Lemma 2.3. For any n > 0, Qn is a free module over Q{A) with the action given by 

Q=Qi U-'-LJai-i-i 

for all Vi^ (g) Vj^#~^ e Q{A), vi (g) ■ ■ ■ Vi (g) i' (g) co^ e Qn- 

Proof. Firstly, we show that Qn is a left Q(^)-module. It suffices to check that the equality 

(a (gj b'#'^){{c (g) d'if^){vk(i) (8) • • • ® Vk(i) ^ (8) oj^)) 
=((a (g) 6'# ck')(c (g) d'if$)){vk(i) ®---(g ffc(i) ®^ ® oj^) 

holds. In fact, 

LHS ={a (g) b'#'^){{c ® ® • • • (g) O ^ (g) lo^)) 

= {a 6'# c^) ^ c^i(i;fc(i)) ® • • • i{vk{i))d' ® ~^ i+i^ w^' 

/3=/3lU---Uft+i 

^ ao^i(c^i(t^fc(i)))®'S'2(^2(^^fc(2)))«'--- 



By the Leibniz rule {a, 6c} = {a, 6}c + fe{a, c}, we have 

^l(c^l(^fc(l))) = E ?i(c)((t2^)Kl))) 



i{vk(i))d) = ^ {(C 2$ i){Vk{i)))t i{d) 

ai=CiUC2 



Hence, 

LHS= Yl ati(c)((t2^)Ki))) ^2(^2^2))) ^-^ 



i = (€lLJe2)Uc«2U---Uaj_iU(CiUC2)Llai_,_l 



RHS ={{a (g) b'#'^){{c d'#/3))(t;fc(i) ® • • • (g) ® ^ (g) u^) 
^ aai(c)7^i(vfc(i)) (g) ^2(t'fe(2)) ® • • • 



(g) (g) 1^ i{vkii))'^2{d)h ® 'ti+i'i' (S> uj^ 

From the significace of the notation U, we get 

E = E ■ 

Q3/3=/3lU---U/3i + i a3=«lU'-'Uei+l 

Then we have 

i2FS= Yl a4(c)(l^i^i(t;fe(i)))®^2^2(t'fc{2))® ••• 

Comparing L/ZS" with RHS, we obtain the equahty needed. 

Next, we show that Qn is free over Q{A) for each n. Set Qjj = (g^(A) (g) A-?. We 
claim that Qij is a free Q(A)-module with a basis 



1a (8> 'yfc(i) (8) • • • (g> Ufc(j) (g 1a (g 1 (g) A • • • A 



fc(l),-,fc(j),i(l),-,«(j)GS 

lii)<-<lij) 



Notice that there exists a PBW-hke basis of Q{A) given by Vg <g v[^l^ , where s,t S 
and ci" is a homogeneous element of degree / in U{A). Following the notations in jl4j . 
we write 9 = Ufc(i) (g) • • • (g ^^(j) if 9 = {k{l), • • • , k{i)) € 5*, and uj = ^^(i) A • • • A w^q-) if 
a; = (/(l),... with/(l) < ••• </(j). 

Assume that some Q(j4)-linear combination equals to zero, that is, 
Y Kt,a,e,U'^s ® v't#'^){lA (g) ® U ® 1 w) = 0, 

where each Vg <g> cJ" is chosen to be in the PBW-basis. Let a be with highest degree 
which appears in the sum. Moreover, each term in the left hand side is written as 

a=ai\Jcx2 
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where ai(t) = Eai=/3iu-uft 't i{vk[i)) 'ti{vk(i))- 

Combining those terms containing a in the resulting sum, we have 

Thus \s,t,afi,u) = for any s, t, 9 and and our claim follows. □ 
Remark 2.4. The corresponding quasi-Poisson action of A on ®U{A) ® is given by 
{a, ® • • • (g) (g) ^ (g) (^■'l^, 

i 

■.= ^vi ® ■ ■ ■ {a,Vk} <S) ■ ■ ■ ® Vi ®^ (g) io^ + vi ■ ■ ■ (gi Vi Cd^ . 

k=l 

Lemma 2.5. The morphisms ipn in the total complex i2.1\) are Q{A)-ho'mo'morphisms. 

f 6i® id \ 

Proof. Clearly, each ipn in Q is a direct sum of by definition. It suffices 

\{-iyid0djJ 

to show that 6i id and id (g dj are homomorphisms of Q{A) modules. Firstly, 6i ® id and 
id (g) dj are ^'^-homomorphisms and hence 

{6i id)((a (g b'#l)x) = (a O b'#l){6i (g id)(2;), 

(id (g) (ij)((a b'#l)x) = (a (g) 6'#]l)(id g) 
for all X G (g ^(A) (g A^'. 

On the other hand, for any 1a g) cl' G Q(^), 

(5i (g id)((lA ® l^#'^)(fo (g • • • ® t'j+i (g ^ (g w-'')) 
=(5i(gid)( ^ ■^o(i'o)® ■■■<»'S'i+i(i'i+i)«)'S'i+2 -^Ow^') 

= ^ (-l)^'^o(?^o) ® • • • 'S'fc(?^fe)'3'fc+i(wfc+i) (g • • • ® • ^ (g 



0<fc<i 



(-l)'''d'o('yo) (g • • • (g) "S'fcCffe'yfc+l) <X) ■c^A;+l('yfc+2) (g • • • <g) "^iCfi+l) (g) l^i+l ■ ~t 

0<fc<i 

=(1a (g 1a# X] (~l)''^o (g) • • • (g I'fc^^fc+i (g • • • (g fj+i (g ^ (g u}^) 

0<k<i 

={1a (g id)(vo (g • • • (g ® ^ (g w^')) 

By the definition of dj, it is easy to check that 

(id (g dj){{lA l^#'S')(t;o ® • • • fi+i «) ® t^-')) 
=(1a (g l^#'a')((id (g dj)(wo (g • • • Vi+i (g ^ (g w-'')) 



Since a 1a ^ a are the generators of Q{A), it follows that 5i (8) id and id (8> dj 
are Q(74)-homomorphisms. □ 



Lemma 2.6. Keeping the above notations, we have 

Ho(Q') = A and H„(Q') = 0, n > 1. 

Proof. By Kiinneth's theorem (see [S]), it is easy to see that Q' is exact at Q„ for each 
n > 1, since both S' and C are exact for i,j > 0, and Q' is the total complex of S' (8) C. 

For n = 0, again by Kiinneth's theorem, i?o(Q') = Ho{S') (g> Ho{C) = A®K^A. □ 

Combining Lemma 12.31 Lemma 12.51 and Lemma 12.61 we obtain a projective resolution 
of A as a Q(A)-module. 

Theorem 2.7. Let A be a Poisson algebra, Q{A) the quasi-Poisson enveloping algebra of 
A, and ipo: Qq ^ A the Q{A) -homomorphism given by (/?o(flo oi (8> 75") = e(l^)aQai. Then 
the sequence Q' together with the map <po, say 

Q: ■■■^Qn^Qn^i^---^Qi^Qo^A^O, (2.2) 

is a projective resolution of A as a Q{A) -module. 

Let M be a left Q(A)-module and hence a quasi-Poisson module over A. Applying the 
functor HomQ(^)(— , M) to the deleted complex Q', we obtain a complex Homg(^)(Q', M): 

^Homg(A)((5o,M) HomQ(^)(Qi,M) HomQ(A)(Q2, M) ^ • • • 
^HomQ(^) (Q„ , M) ^ HomQ(^) (Q„+i , M) ^ • • • 

By Theorem 12.71 the n-th quasi-Poisson cohomology group is calculated by 
HQ'^(A,M) = Ext^(^)(A,M) = H^RomQ^A){Q',M). 

2.2 The quasi-Poisson complex 

To compute the quasi-Poisson cohomology groups, one uses a simplified complex, the so- 
called quasi-Poisson complex. Let M be a quasi-Poisson module. Applying the functor 
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HomQ(^)( — , Af) to the bicomplex S' ^ C', we obtain 



^ HomQ(A)(^^ ® A^,M) ^ HomQ(A)(A^ ® W(^) ® A^,M) 



^ HomQ(A) {A^ ® U{A) (g) A, M) ^ HomQ(A) {A^ ® (» A, M) 



■HomQ(A)(A^®W(^),M) 



^HomQ(A)(^^®W(A),Af) 




Following from the natural EC-isomorphisms 

^ij : HomQ(^)(^^+2 ^ ^ ^j^ ^ HomK(^^ ® M), 

^>jj(/)((ai • • • ® ai) (xi A • • • A x^)) = /(1a ® (ai • • • a^) 1a 1 (xi A 
the above bicomplex is isomorphic to the bicomplex HomK(A* ® A*, M): 



^ HomK(A^ M) ^ HomK(A ® A^, M) — ^ HomK(A^ ® A^, M) 

0,1 1,1 2,1 

(Ty 

^0,1 ^1,1 

^ HomK(A, M) ^ HomK(A (g) A, Af) ^ HomK(A^ ® A, M) - 



0,0 
'"V 



0- 



A/- 



HomK(^,Af) 



■HomK(A2,Af) 



where 



(f^^^(/))((ai ® • • • O Oi+i) ® (xi A • • • A Xj)) 

= ai/((a2 (8) • • • (8) fflj) (2^1 A • • • A x^)) 
j 

+ ^(-l)^7((«i flfcOfc+i (g) • • • (g) flj+i) (g) (xi A • • • A Xj)) 

fc=i 

+ (-1)*+V((«i ®■■■®ai)®{xl^■■■ ^ Xj))ai+i, 
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i+i 



E(-i)' 



1=1 



{xi, /((ai (g) • • • (g) aj) ® (xi A • • • X/ • • • A xj+i))}^ 



- E /((ai (8 • • • (g {x;, aj (g) • • • (g) Oi) (g) (xi A • • • xr • • A Xj+i)) 
t=i 

+ ^ (-l)P+''/((ai (g • • • (g Oi) (g ({xp,Xg} A xi A • • -Xp • • -Xg • • • A Xj+i)) 
i<p<'?<i+i 

for all / € HomiK(A* (g A-'', yl), and (oi (g • • • a^) (g (xi A • • • A Xj) G ® A-'', i, j > 0. 

Remark 2.8. Write 5" = fj^*^ anc? = o"^" /or eac/i n > 0. Clearly, the bottom row 
is the Hochschild complex (Hom^{A*,M),6'^), and the leftmost column (HomK(A*, M), d") 
calculates the Lie algebra cohomology Ext^^^^ (IK, M) . 

Definition 2.9. Let A be a Poisson algebra and M a quasi-Poisson module. The total 
complex o/Hom]K(j4* (g A*,M), say 

A HomK(A © aS M) a HomK(^^ © A (g A^ © A^ M) A ■ • • 
^HomK( (g A^ M) A HomK( A' A\M) ^ • • • , 

i+j=n i+j=n+l 

is called the quasi-Poisson complex of A with coefficients in M, and denoted by QC(^, M). 

An immediate consequence follows. 

Proposition 2.10. The quasi-Poisson complex is isomorphic to the complex Horn q(^j^^ {Q' , M), 
and hence H"(QC(^,M)) = HQ"(^,M). 



3 Applications and Examples 

3.1 Lower-dimensional quasi-Poisson cohomologies 

First examples are lower dimensional quasi-Poisson cohomology groups of a Poisson algebra 
{A, •, {— , — }). We denote by Z{A) and Z{A} the center of the associative algebra and the 
one of the Lie algebra, respectively. Then we have the following easy result. 

Proposition 3.1. Keep the above notation. Then HQ°(A) = Z{A) n Z{A}. 
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Denote by Der{A) and Derii^) the IK-space of associative derivations and the space of 
Lie derivations respectively. Consider the maps ad: j4 — )■ Der(A) and ad^ : A — > DerL(A) 
given by ad(a) = [— ,a] and ad/,(a) = {— ,a} for aU a £ A. Under these notations, the 
differential = (ad,adi). 

Moreover, for any / = (/i, /o) € Kercr^, by Prop osition 1 2 . 1 0] we know that /i G Der(74) 
and /o € DevL{A) and the equality 

fi{{x, a}) - {x, /i(a)}* = fo{x)a - afo{x) (3.1) 

holds for any (a, x) G ^ © A^. Now set 

D(^) = {(/i,/o) G Der(A) ©DerL(^) | holds for all a,a; G A}. 

Thus HQ^(A) is computed as follows by definition. 

Proposition 3.2. Keep the above notations. Then we have HQ^ = L'(^)/Imcj'^ and hence 
dimK HQi(^) = dimK D{A) - dimK A + dimK HQ°(A). 

3.2 Standard Poisson algebras 

Let A be an associative algebra. For any a, 6 G ^, we denote by [a, 6] the commutator 
ab — ba oi a and 6. Then (yl, •,[—,—]) is a Poisson algebra, which is called a standard 
Poisson algebra. By Proposition 13.11 we have HQ'^(A) = Z{A). 

More generally, HQ°(A) = Z{A) for any inner Poisson algebra since Z{A) C Z{A} in 
this case, see Lemma 1.1 in [15]. Recall that a Poisson algebra (^, ■, {— , — }) is said to be 
inner if {a, —} is an inner derivation of (A,-) for any a £ A. 

Now we turn to HQ"*^. Note that in standard case, the equality (j3.ip is equivalent to 

Im(/o - /i) G Z{A), 

which holds if and only if /i = /o + 9 for some Lie derivation g satisfying Img C Z(A). 
Since g{[x, y]) = [g{x), y] + [x,g{y)], we have Ker(g) ^ [A, A], thus g is obtained from some 
g G HomK(A/[A, Conversely, each g G HomK(A/[A, A], Z(^)) gives to a Lie 

derivation (jr with Img C Z{A). Thus we have the following characterization. 

Lemma 3.3. Let A be a standard Poisson algebra. Then 

HQi(A) ^ HHi(A) © HomK(^/[^, A], Z{A)), 
here HH denotes the Hochschild cohomology of the associative algebra A. 
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In general, quasi-Poisson cohomology groups of higher degrees are difficult to compute, 
while some special cases can be calculated explicitly. 

Example 3.4. Let A be the ^-algebra of upper triangular 2x2 matrices. This algebra is 
known to be the path algebra of the quiver o/ A2 type. More explicitly, A has a basis {e, /, a}, 
and the multiplication is given by e'^ = f'^ = ef = fe = ae = fa = and ea = af = a. 
Clearly 1a = e + f . 

Consider the standard Poisson algebra. By direct computation, one shows that as a 
graded algebra, HQ* (A) = K{x,y) / {x"^ ,y'^ ,xy + yx) , the exterior algebra in 2 variables. 

Example 3.5. Consider the standard Poisson algebra of A = M2(]K), the K-algebra of 2x2 
matrices. Again direct calculation shows that HQ'^(^) = HQ^(^) = HQ^(A) = HQ'^(A) = K 
and HQ^ = /or i 7^ 0,1,3,4. 



3.3 Poisson algebras with trivial Lie bracket 

Let {A, ■,{—,—}) be a finite-dimensional Poisson algebra with trivial Lie structure, i.e. 
{a, b} = for any a,b € A. Clearly, Q{A) = A^A°P<»UiA) and U{A) ^ S{A), where S{A) 
is the polynomial algebra of the vector space A. 

One shows easily that as a Q(^)-module, A is the tensor product of the ^ (8) 74°P-module 
A and the trivial Lie module K over A. Then by a classical result in homological algebra, 
HQ*(^) ^ HH*(^) (g)Ext*(^)(lC,]fC); see for instance. Theorem 3.1 in [1], Chapter XL By 
Koszul duality, ExtJ^^^(K, K) = /\A, the exterior algebra of the vector space A. Thus we 
have the following result. 

Proposition 3.6. Let {A, •, { — , — }) be a finite- dimensional Poisson algebra with trivial Lie 
bracket. Then HQ* (A) ^ RR*{A) (g) /\A. 



3.4 Poisson algebras with finite Hochschild cohomology dimension 

Let (^4, •, {— , — }) be a Poisson algebra. Suppose the associative algebra A has finite 
Hochschild cohomology dimension, that is, the n-th Hochschild cohomology group of {A, •) 
vanishes for sufficiently large n. 

Proposition 3.7. Let (A, ■, { — , —}) be a Poisson algebra and k a fixed positive integer. 
Suppose B.B.'' (A) = for all n > k. Set = ilomK{ A' (g) , A) . Then the n-th 

i+j=n,i<k 

quasi-Poisson cohomology group 



imcj"-i n ' 
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Proof. Consider the IC-homomorphism vr : Keia^ n 0^ ^ HQ" (A), f ^ f + Imcr"~^. 
Suppose / = (/„, • • • , /i, /o) € Kercr" for some n > k. By definition /„ is an 77,-th cocycle 
in the Hochschild complex, and hence there exists some g-n-i S HomK(^"~^,^) such that 
fn = 6^~^gn-i since the n-th Hochschild cohomology group vanishes, where 5" is the IK- 
linear map in the Hochschild complex. Clearly, f = f — cr^g G HQ"(^). Thus, 

f -a'^g= (0,/„_i,/n_2,--- ,/o), 
For brevity, we still denote /n-i by fn-i- Therefore 

aifn-i{a2 <8) • • • 18) a„ (g) x) 

n-l 

+ ^ /n-i(ai (8) • • • a^afc+i (g) • • • a„ (g) x) 

k=l 

+ (-l)"+Vn-l(ai (8) • • • O ttn-l x)an = 

If n— 1 > k, consider the K-linear isomorphism liom.^{A^~^ (g) , A) 'Kom^{A^~^ , A)iSiA* 
such that fn-i fn-i^fi', where A* is the dual K- vector space of = A. Clearly, we have 
f'n-i G Ker(5"~^ By the assumption HH"'"^(^) = 0, there exists g'^_2 S Hom]K(^"'"^, ^) 
such that = <5"-2(5;_2). Suppose gn-2 = g'n-2 ® fi € HomK(A"-2,^) ® A* ^ 

HomK(A"-2 (g) a\ A) and g = (0,5(.„_2,0, • • • ,0), then we have = {a"--^{g))n-i and 

7 = /-^"-Hff) e HQ"-i(^). Clearly, 

/-a"-i(<7) = (o,o,/;:r2,/n-3,--- ,/o) 

Denote stih fn-2 = fn-2- 

Repeat the above argument, we know that each / € HQ"(^) can be written as 

7 = (o,--- ,0,/fc,--- ,/o). 

fin 1^ Imcj"^-'^, and 



□ 

Corollary 3.8. Let (^4, •,{—,— }) be a Poisson algebra over K with HH*(j4) = for all 
i > 0. Then HQ"(A) ^ HL"(^,Z(^)). Moreover, we have HQ*(A) ^ Z (A) (g) RL* (A) as 
graded algebras, where HL*(yl) = ^,->q Ext^^^^ (K, K) is the Lie algebra cohomology of A 
with coefficients in the trivial Lie module K. 
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Therefore, the K-homomorphism vr is surjective. Clearly, Kervr 
hence 

Kern" n Q'^ 
HQ" (A)- ^ " " 



imcj'"-i n n'^ ■ 



Proof. Recall that in Remark 12.81 we have defined a complex (HomK(A*, M), d") for any 
quasi- Poisson module M, which is by definition the leftmost column of the bicomplex 
HomK(>l*(g) A*,M). 

To compute HQ* (A), we need only to consider the quasi- Poisson complex QC{A, A) and 
the subcomplex (HomK(A*, A), d"). We claim that for each n, 

^ Kerd" nHomK(A",Z(A)) 
{^) rfn-i(HomK(A"-i,Z(A)) ' 

notice that we view HomK(A", Z{A)) as a subspace of Hom]K(A", A) here. 
Firstly we have an isomorphism of K-vector spaces, 

n Kera'^ ^ Kerd" n HomK(A", Z{A)), (0, • • • , 0, /o) ^ fo- 

In fact, / = (0, • • • , 0, /o) G Kera" if and only if fo G Kerd'^ and Im/o ^ Z{A). 
Next, it is easy to show that there is a well-defined ]K-linear map 

d""i(HomK(A"-i, Z(A)) ^ n Ima"-\ /o ^ (0, • • • , 0, fo), 

which is obviously injective. We show that the map is also surjective as follows. For any 
/ = (0, • • • , 0, /o) G r^J^ n Imcr"'"\ there exists some g G HomK( A* (g) A-'', A) such 

i+j=n—l 

that / = a^^^g. From the proof of Proposition 13.71 there exists some 
g' = (O,--- ,0,5o) GHomK( ^^^A^^), 

i+j=n—l 

such that £/' - 5 G Imcj"-^. Thus g'o G HomK(A""i, Z{A)) and cP^^{g'o) = dl'^^go = fo- 

Now the claim follows from Proposition 13.71 Thus we have shown that as an abelian 
group, HQl*{A) is computed by the cohomology groups of the complex (HomK(A*, Z{A)), dT). 

Since the Lie algebra A acts trivially on Z(A), it is direct to show the isomorphism of 
complexes HomK(A', Z(A)) ^ HomK(A*,]K) (g) Z{A). It follows that HQ* (A) ^ Z{A) (g) 
IIL*(yl) as abelian groups as well as Z(yl)-modules, and Z{A) acts centrally on IIQ*(j4). 
The rest part follows by comparing the Yoneda product. □ 

Example 3.9. Let Q be a finite quiver with underlying graph being a tree. Denote by M.Q 
the path algebra of Q. Then we have IIII*(]ICQ) = for any i > 1, see Section 1.6 in [7]. 
Consider the standard Poisson algebra of K.Q, by Proposition 13.71 and it is immediate that 
HQ"'(K(5) = HL'^{KQ), the usual n-th. Lie algebra cohomology group of {A, [—,—]) with 
coefficients in IC. 

Remark 3.10. We have shown in Proposition \3.6\ and Corollary \3.8\ that in two extreme 
cases, say either A has trivial Lie bracket or trivial Hochschild cohomologies, there is an 
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isomorphism of graded algebras HQ* (A) = HH*(A) 0HL*{A). Naively one may expect that 
for general A, the algebra HQ* (A) is still given by certain twisted tensor product o/HH*(^) 
and HL*(yl). Up to now, few results in this direction are known. 
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